We reanalyze the pressure dependence of viscosity of liquids of constant composition under isothermal conditions. Based exclusively on very general considerations concerning the relationship between viscosity and "free volume," we show that, at moderate values of pressure, viscosity increases, as a rule, with increasing pressure, provided the liquid is in stable or metastable ͑undercooled͒ equilibrium states. However, even if the behavior of the viscosity is governed by free volume effects, deviations from a positive pressure dependence are possible, when the liquid's thermal expansion coefficient is negative. We derive an equation that allows one to quantitatively determine the pressure dependence of viscosity, which requires, in the simplest case, only the knowledge of the temperature dependence of viscosity at constant pressure, the thermal expansion coefficient, and the isothermal compressibility of the liquid. As an example, the negative pressure dependence of water in the range of temperatures 0 -4°C and of several silicate liquids, such as albite, jadeite, dacite, basalts, etc., could be explained in such a way. Other glass-forming liquids initially ͑for moderate pressures͒ show a positive pressure dependence of viscosity that changes to a negative one when subjected to high ͑ϳGPa͒ isostatic pressure. A detailed analysis of water and already mentioned silicate melts at GPa pressures shows that, in addition to free volume effects, other pressure induced structural transformations may have to be accounted for in a variety of cases. By this reason, the theoretical analysis is extended ͑i͒ in order to describe the pressure dependence of viscosity for systems that are in frozen-in thermodynamic nonequilibrium states ͑glasses, i.e., undercooled liquids below the glass transition temperature T g ͒ and ͑ii͒ to systems which undergo, in addition to variations of the free volume, pressure induced changes of other structural parameters. In such cases a decrease of viscosity with increasing pressure may occur, in principle, even if the thermal expansion coefficient is positive. In this way, the present analysis grants a general tool to estimate the pressure dependence of viscosity and supposedly settles the controversy in the current literature.
I. INTRODUCTION
While the temperature dependence of viscosity at isobaric conditions is well established ͑the viscosity increases with decreasing temperature͒, current discussion on the dependence of viscosity on external pressure ͑at isothermal conditions͒ shows a spectrum of controversial statements. For example, in Refs. 1-5 it is concluded that the viscosity must increase, as a rule, with increasing pressure and this expectation has been confirmed in a variety of experimental studies. [1] [2] [3] [4] [5] In contrast, the opposite was experimentally found for some glass-forming silicate liquids, such as basalt, dacite, jadeite, and albite [6] [7] [8] [9] [10] [11] [12] [13] and mentioned as a principal possibility ͑taking as an example the behavior of water͒ also in Ref. 2 . In these cases, a decrease of the viscosity of about one order of magnitude has been reported for pressures increasing by two to five times. For a variety of silicate and aluminosilicate melts, an even more complex nonmonotonic behavior of viscosity in dependence on pressure was found at high pressure in the range of GPa. 14 The mentioned decrease of viscosity with increasing pressure, obtained in certain ranges of pressure and temperature, was denoted as anomalous and being in contradiction with the results of "free volume" theories of viscosity.
generalization of the Adam-Gibbs equation. 16 Gupta concluded that, in most cases of interest, an increase of viscosity with increasing pressure must be expected, although exceptions are possible ͑according to his approach͒ when the relaxational expansion coefficient ⌬␣-the difference between the thermal expansion coefficient of the equilibrium liquid and the glass at given values of pressure and temperature-is negative. However, to compute the pressure dependence of viscosity the resulting equation requires the knowledge of the differences between the entropies of equilibrium liquid and glass, and the relaxational expansion coefficient. The respective data are seldom available, and for temperatures above the glass transition temperature data are not available, in principle. 10 By this reason, it is of interest to express the pressure dependence of the viscosity by more accessible thermodynamic coefficients, which refer exclusively to the liquid in the actual state considered, avoiding in this way, in addition, some inconsistency inherent in approaches like those followed in Refs. 10 and 15 ͑see also Sec. VI͒.
Alternative theoretical approaches connect the decrease of viscosity with structural changes of the respective systems under pressure ͑coordination changes, Si-O bond weakening, changes of degree of polymerization, changes of Q n distribution, formation of fivefold and sixfold coordinated Si species, etc.͒, which are not described appropriately by free volume concepts. [9] [10] [11] 14, [17] [18] [19] [20] [21] For these complex systems, a decrease of the viscosity with pressure is observed as a rule, at least, for sufficiently high ͑ϳGPa͒ pressures. In this way, one has to check, first, whether a decrease of viscosity with increasing pressure is, indeed, in contradiction with free volume theories ͑without favoring any particular viscosity theory͒ and, second, how to incorporate such additional structural effects generally into the theory independently of the particular mechanism of structural change considered. By above mentioned reasons, and in order to arrive at some solution to the referred controversy on the effects of pressure on viscosity, it is highly interesting to revisit this problem in order to develop a comprehensive picture of this phenomenon. The realization of this task is the aim of the present contribution.
The paper is organized as follows. In Sec. II, we derive an equation determining the pressure dependence of viscosity of multicomponent liquids of constant composition in stable or metastable equilibrium states for the case that free volume variations determine the behavior. This relation connects the kind of response of viscosity on pressure ͑increase or decrease of viscosity with increasing pressure͒ with the sign of the thermal expansion coefficient of the liquid. It describes, at least, in a qualitatively correct way the pressure dependence of the viscosity of most liquids at moderate pressures. One exception, the pressure dependence of viscosity of water at moderate pressures, is analyzed in detail in Sec. III. In order to cover also this and similar cases, the basic equation is generalized in order to account for additional structural changes of the system with respect to pressure variations and their effect on viscosity. As a first step, this equation is extended in Sec. IV in order to describe the pressure dependence of the viscosity for systems in "frozen-in" thermodynamic nonequilibrium states ͑undercooled liquids below the glass transition temperature, i.e., glasses͒. In Sec. V, this approach is further generalized giving the possibility to account for the effect of pressure induced changes of the structure of the liquids on the change of viscosity with pressure. As it turns out such mechanisms determine basically the pressure dependence of the viscosity of a variety of glassforming liquids, in particular, at high pressures ͑cf., also Ref. 22͒ . A summary of the basic conclusions and discussion of the results ͑Sec. VI͒ completes the paper.
II. ANALYSIS: APPLICATION OF FREE VOLUME CONCEPTS
We first consider liquids of constant composition in ͑stable or metastable͒ thermodynamic equilibrium states ͑i.e., above the respective glass transition temperature͒. According to the Gibbs phase rule, the number of degrees of freedom of the system is equal to 2, and thus one can choose temperature and pressure as the independent variables determining the properties of the system. In such cases, the viscosity can be considered as a function of pressure and temperature, i.e., = ͑p,T͒.
͑1͒
In their extended investigation of similarities and differences of liquid-vapor and liquid-solid phase transitions, Skripov and Faizullin 4, 5 analyzed the dependence of viscosity on temperature T and pressure p for several classes of liquids. They restricted their analysis to the cases where the thermal expansion coefficient of the liquid is positive ͑this property is fulfilled at atmospheric pressure for most but not all liquids͒. The analysis of both literature data and their own results led those authors to conclude that the following relations must be fulfilled
These relations imply that the viscosity must decrease with increasing temperature ͑for isobaric processes͒, and must increase with increasing pressure ͑at isothermal conditions͒. Moreover, considering the viscosity as a function of pressure and temperature, i.e., = ͑p , T͒, they wrote down the following identity:
follows from purely mathematical considerations and does not involve originally any physics. Taking into account the viscosity dependencies given by Eqs. ͑2͒ and ͑3͒, they concluded that the inequality In order to proceed we realize that the free volume of liquids, as a rule, decreases with pressure. This way, in order to reestablish the value of the free volume ͑and the resulting value of viscosity͒, one has to vary the temperature to such extent as to compensate the changes of free volume due to the effect of pressure. Consequently, from such general theoretical considerations, one arrives directly at the inequality Eq. ͑5͒, but now independently of the knowledge of experimental data. Taking exclusively the dependence given by Eq. ͑2͒ from experiment, we then arrive, utilizing Eq. ͑4͒, at Eq. ͑3͒. In this way, employing only general concepts connecting viscosity with free volume of the liquid ͑and assuming the absence of any other structural changes in addition to densification͒ we can conclude that, in isothermal conditions, the viscosity has to increase, as a rule, with increasing pressure. However, exceptions from this general rule are possible, as will become evident from the following quantitative analysis.
In addition to the qualitative conclusions given above, one can easily formulate a method to quantitatively estimate the pressure dependence of viscosity ͑in isothermal conditions͒ provided the temperature dependence of viscosity ͑at constant pressure͒ and some other purely thermodynamic characteristics of the liquid are known. Indeed, according to above analysis, we may connect variations in viscosity with variations of free volume and suppose that the free volume is uniquely connected with the total volume of the system. Then, in order to secure constancy of viscosity, one has to demand that the total volume of the system is kept constant if both pressure and temperature are varied slightly by dT and dp, respectively. From
we then get the following result
͑7͒
With Eq. ͑4͒, we finally obtain
where T is the isothermal compressibility and ␣ T the isobaric thermal expansion coefficient, i.e.,
ͪ.
͑9͒
Let us, now, analyze the possible consequences from Eq. ͑8͒. For systems in ͑stable or metastable͒ thermodynamic equilibrium, the condition of thermodynamic stability
͑or T Ͼ 0͒ must be fulfilled. Taking into account Eq. ͑2͒, it follows that the signs of the derivatives ͑‫ץ‬T / ‫ץ‬p͒ Х͑‫ץ‬T / ‫ץ‬p͒ V and ‫ץ͑‬ / ‫ץ‬p͒ T are determined by the sign of the thermal expansion coefficient, which is ͑at atmospheric pressure͒, as a rule, a positive quantity. In these cases, Eq. ͑8͒ predicts an increase of viscosity with increasing pressure. Skripov and Faizullin 4,5 restricted their analysis to such cases. Consequently, their conclusion is correct as far as this condition is fulfilled.
However, a few substances have negative thermal expansion coefficients in certain ranges of temperature at atmospheric pressure. For these exceptional cases, Eq. ͑8͒ predicts a decrease of viscosity with increasing pressure. The best known example is water in the range of temperatures from 0 to 4°C. In this way, we expect a decrease of viscosity of water with increasing pressure in this temperature range. This conclusion is confirmed, however, as we will see from the analysis in the subsequent section, the situation with respect to the pressure dependence of water is much more complex.
As for water in the temperature range 0 -4°C, mentioned above silicate anomaly, i.e., the decrease of viscosity with increasing pressure experimentally found for a variety of glass-forming silicate liquids, such as basalt, dacite, jadeite, and albite, [6] [7] [8] [9] [10] [11] [12] [13] could be similarly explained provided the thermal expansion coefficients of these systems are negative in the respective ranges of pressure and temperature. This seems to be the case for lithium disilicate at the considered values of pressure and temperature. 25 There are indications that also other glass-forming liquids-such as albite, jadeite, dacite, basalts, etc.-show a negative thermal expansion coefficient when subjected to high ͑ϳGPa͒ isostatic pressures. However, to the best of our knowledge, direct experimental measurements of the thermal expansion coefficients of the respective systems in the GPa-pressure range are very rare. Thus, more definite experimental analyses are required before some final conclusions can be drawn on this issue.
Summarizing, we first conclude that free volume concepts do not, in general, forbid a decrease of viscosity with increasing pressure. They lead to such result as well, if the thermal expansion coefficient of the liquid is negative in the respective ranges of pressure and temperature. However, at low and moderate pressures, the thermal expansion coefficient is, in general, a positive quantity and, in such cases, the viscosity should increase with increasing pressure provided the behavior is determined by free-volume effects.
As a second conclusion, we can state: If the viscosity of a liquid decreases with increasing pressure and the thermal expansion coefficient is positive, then the pressure dependence for these anomalously behaving systems cannot be explained, in principle, exclusively by free volume concepts. One example in this respect will be analyzed in detail in the subsequent Sec. III.
The question, "for which classes of liquids free volume concepts in the most general form, as employed here and resulting in Eq. ͑8͒, can give a satisfactory description of the pressure dependence of viscosity," will be addressed in a separate investigation. 26 Here we concentrate, in the subsequent analysis, on the solution of the complementary task to establish the general form of the equations describing the pressure dependence of the viscosity if free volume concepts alone are not sufficient ͑cf., also Ref. 22͒. In such cases, alternative, more sophisticated approaches must be utilized. A general method to incorporate such additional effects into the theory will be outlined in Sec. V.
III. A FIRST EXCEPTION: WATER
In Figs. 1 and 2, density and thermal expansion coefficients of ordinary water are shown as functions of temperature for different values of pressure in the range 0 -20 MPa. At 0°C, water has negative thermal expansion coefficients in the range of pressures from 0 to 20 MPa. According to Eq. ͑8͒, one expects in this range a decrease of viscosity with increasing pressure. This is indeed the case as it follows, for example, from the results shown in Table I . However, it is evident from the same column of Table I that the viscosity of water at 0°C decreases with increasing pressure also in the range where the isothermal expansion coefficient becomes positive. Consequently, in this range of pressures, Eq. ͑8͒ cannot describe the experimental data even qualitatively correctly.
In Figs. 3͑a͒-3͑g͒, the viscosity of water ͑in Pa s͒ is shown as a function of pressure ͑in the range from 0 to 20 MPa͒ for different values of temperature ͑in the range from 0 to 25°C͒. In the whole range of temperature and pressure considered here, the slope ͑d / dp͒ T of the curves = ͑p , T = const͒ does not depend on pressure and is exclusively a function of temperature. Latter dependence is illustrated in Fig. 3͑h͒ . As it turns out, the absolute value of the slope of the curves = ͑p , T = const͒ decreases with increasing temperature. Figure 4 shows the viscosity of water as a function of pressure for wider ranges of the thermodynamic state parameters ͑pressure values in the range from 0 to 100 MPa and temperatures 0 and 25°C͒. As evident from the figure, with an increase of temperature, the dependence of the viscosity on pressure changes qualitatively and a minimum occurs ͑il-lustrated in the figure for the temperature 25°C͒. For values 
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of pressure above those corresponding to this minimum, the viscosity behaves in the "normal" way, i.e., increases with increasing pressure. With a further increase of temperature, this minimum is shifted to lower values of pressure and disappears at all. Such situation is found, for example, at a temperature 40°C ͑and also for the temperatures T ജ 50°C shown in Table I͒ . At these temperatures, the thermal expansion coefficient of water is positive and the viscosity of water increases with increasing pressure. In this temperature range, Eq. ͑8͒ gives a qualitatively correct description of the pressure dependence of the viscosity also for water. By this reason it is of interest to check to which extent Eq. ͑8͒ can give a quantitatively correct description. A quantitative comparison of theoretical ͓based on Eq. ͑8͔͒ and experimental results is shown in Figs. 5͑a͒ and 5͑b͒ for two temperatures, 40 and 150°C. In these figures, the results of computation of the product ͓−͑ T / ␣ T ‫ץ͑͒‬ / ‫ץ‬T͒ p ͔ are shown by dashed lines ͓cf., Eq. ͑8͔͒. The data required for the computations are taken from Refs. 27 and 28. The full curves refer to the value of the quantity ‫ץ͑‬ / ‫ץ‬p͒ T determined directly from experimental data on the dependence of viscosity on pressure and temperature of water as given in Ref. 28 . As it turns out, for water the theoretical expression, based exclusively on free volume concepts, leads to quantitative deviations with experimental data up to one order of magnitude. However, as evident from the figures as well, these deviations decrease with increasing pressure and temperature. Such behavior can be interpreted as a consequence of diminishing importance of structural rearrangements of water with increasing pressure and temperature in favor of free volume effects.
Summarizing the results of the analysis for the pressure dependence of the viscosity of water, we conclude that free volume effects alone are obviously not sufficient to give a correct interpretation of the dependencies observed. Consequently, one can expect the occurrence of similar effects also for other classes of liquids. By these reasons, in the subsequent sections we generalize Eq. ͑8͒ to account for the effects of variations of other structural parameters ͑in addition to free volume effects͒ on the pressure dependence of the viscosity.
IV. A FIRST GENERALIZATION: VISCOSITY OF GLASS-FORMING LIQUIDS IN FROZEN-IN NONEQUILIBRIUM STATES
So far, we have considered liquids in stable or metastable equilibrium states. However, in treating the behavior of glass-forming melts near and, in particular, below the glass transition temperature, the concept of nonequilibrium ͑isostructural͒ viscosity gains importance.
11,24,29-31 Such concepts apply if we deal with a glass ͑a frozen-in nonequilibrium state͒ which did not reach the respective metastable state yet. Also for such systems, it is obviously of interest to study the pressure dependence of viscosity. In order to treat theoretically the dependence of the nonequilibrium viscosity on pressure, Eq. ͑1͒ must be modified. In the simplest approach, we can assume that the viscosity depends, in addition to pressure and temperature, on one additional order parameter , which is a measure of the deviation of the state of the glass from the state of the respective metastable liquid ͑see, e.g., Ref. 24͒ . In such cases, we have instead of Eq. ͑1͒, = ͑p,T,͒.
͑11͒
Here we will restrict the analysis to such states where the characteristic times of relaxation processes to the respective stable or metastable equilibrium state are large as compared with the characteristic times of variation of pressure or temperature. In such cases, we can generalize Eq. ͑4͒ considering changes of the state parameters T, p, and of the system, the value of the order parameter being fixed. We then get
Instead of Eqs. ͑6͒-͑8͒, we then obtain 
.
͑15͒
The derivations can be performed similarly with identical results if is replaced by a set of order parameters ͕ i ͖ ͑cf., Sec. V͒. Equation ͑15͒ is widely identical to Eq. ͑8͒ with the only difference that all quantities entering Eq. ͑15͒ now depend on one or a set of additional order parameters. Assuming that Eq. ͑2͒ remains valid in a modified form as
the sign of the pressure dependence of the viscosity is determined, again, by the signs of thermal expansion coefficient and compressibility. As it turns out, the thermal expansion coefficient is, as a rule, a positive quantity, again ͑cf., Fig. 6͒ , at least, for atmospheric pressures. One should note, however, that for the considered case of frozen-in nonequilibrium states the stability condition, Eq. ͑10͒, is not necessarily fulfilled ͑the system is not in a state of a stable thermodynamic equilibrium͒. This way, deviations from a positive pressure dependence of the viscosity may also occur when the system is characterized ͑at positive values of the isothermal expansion coefficient͒ by positive values of the partial derivative ͑‫ץ‬V / ‫ץ‬p͒ T, . Whether such cases are indeed realized in nature is a topic for a separate analysis.
V. STRUCTURAL CHANGES OF LIQUIDS AND THEIR EFFECT ON THE PRESSURE DEPENDENCE OF THE VISCOSITY
As outlined in a variety of papers ͑e.g., Refs. 14 and 17-21͒, liquids, in general, and silicate melts, in particular, 
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can exhibit a variety of additional mechanisms of structural adjustments ͑change in the degree of polymerization, coordination numbers, frequency of distribution of different structural units, formation of fivefold and sixfold coordinated Si, etc.͒, when subjected to high isostatic pressures, as compared exclusively with variations of free volume. Such changes occur most easily at sufficiently high temperatures when the liquid is in stable or metastable equilibrium states. For such cases, we have to introduce, at least, one additional state variable describing the change of the mentioned structural properties with pressure. In such cases, the viscosity can be expressed via Eq. ͑11͒, again, but now the parameter has to be considered as a unique function of pressure and temperature. Equations ͑12͒-͑15͒ retain their validity, but the change of viscosity with pressure has now to be written in the form ͩ d dp
͑17͒
With Eq. ͑15͒ we arrive at ͩ d dp
The first term on the right-hand side of Eq. ͑18͒ describes variations of the viscosity with increasing pressure provided additional structural rearrangements of the melt can be neglected. Latter effect is expressed primarily by the second term and determines, for example, the pressure dependence of viscosity for water at sufficiently low temperatures as discussed in detail in Sec. III. Let us apply Eq. ͑18͒, as an additional example, to silicate melts and assume for this purpose that in Eq. ͑18͒ describes the degree of polymerization. In general, one can expect that the viscosity increases then with increasing . However, the degree of polymerization of silicate melts decreases with increasing pressure 10 ͑at sufficiently high temperatures͒. By this reason, the second term in Eq. ͑18͒ gives a negative contribution which may ͑and this is very important͒ overcompensate the first term. Similarly, in Ref. 33 an increase of viscosity of sulfur with pressure in the GPa range was reported and interpreted as the result of gradual structural changes ͑changing content of S 8 rings and variations of the degree of polymerization 34 
͒.
Note, however, that-since the second term in Eq. ͑18͒ is proportional to ͑d / dp͒-it is effective only, if, in addition to free volume variations, structural changes occur ͑i.e., as far as changes with variations of pressure͒. By this reason, the second term will become active in the course of increase of pressure only as far as pressure induced structural adjustments start to take place. In addition, we can expect from Eq. ͑18͒ that after some pressure interval-where the structural reorganization process proceeds-is overcome, the behavior is, again, determined by free "volume effects" with a normal increase of viscosity with a further pressure increase. Such switching from anormal to normal behavior ͑as well as the opposite switch from normal to anormal reaction with respect to pressure changes͒ is found, indeed, in a variety of silicate and aluminosilicate melts 14 and, again, in the particular case of water analyzed in Sec. III.
Data on the pressure dependence of viscosity of silicate melts, given in Ref. 14, show another interesting feature demonstrated in Fig. 7 . This figure shows the frequency distributions of melts having positive or negative pressure dependencies at atmospheric pressures and temperatures above the respective melting temperatures T m . As the ordinate, the viscosity at atmospheric pressure is chosen. Despite the poor statistics, this distribution indicates the existence of a correlation between the value of the viscosity and the response to pressure variations: the higher the melt viscosity, the higher the probability of a negative pressure dependence. This trend may be caused by negative thermal expansion coefficients or by the breakdown of free volume concepts. Indeed, high viscosities may be connected with low values of free volume. As a result, further increases of pressure cannot affect this parameter any more and other types of structural rearrangements gain importance. In this way, one can suggest the hypothesis that, for a variety of complex liquids ͑where other types of structural adjustments in addition to free volume may occur͒ with an increase of pressure-as a rule-a change from positive ͑governed by free volume͒ to a negative ͑governed by other types of structural adjustments͒ pressure dependence of the viscosity may be expected. Such kind of behavior is, indeed, observed for silicate melts 14 where the respective structural rearrangements result in a decrease of viscosity. Following ideas similar to the principle of le Chatelier-Brown in thermodynamics, one may expect that this kind of behavior-decrease of viscosity resulting from structural reorganization-is dominating, but exceptions from this rule-i.e., structural reorganization leading to a further increase of viscosity-cannot be excluded.
One should note as well that the occurrence of additional structural rearrangements has an effect also on the first term on the right-hand side of Eq. ͑18͒. The quantities entering this term refer to the respective thermodynamic coefficients and kinetic parameters at constant values of the structure parameter . However, in the course of the measurements such structural variations will also take place, as a rule, and will affect the values of these quantities. Taking into account these considerations, according to Eq. ͑9͒, we now have
͑20͒
While in the considered case the compressibility T , measured experimentally and determining the response of the system to changes of pressure at constant temperature, is positive ͑thermodynamic stability condition͒, the coefficient T, does not necessarily fulfill such condition.
The above given equations can be generalized to the case when several independent structural rearrangements of the liquid occur as a result of a pressure increase. In such case, we have to introduce a set of additional order parameters ͕͖ = 1 , 2 ,... and Eq. ͑18͒ takes the form ͩ d dp
͑21͒
Employing Eq. ͑17͒ and a similar relation for the derivative ͑d / dT͒ p and utilizing, in addition, Eq. ͑15͒, we can rewrite Eq. ͑18͒ as ͩ d dp
͑22͒
This equation can be generalized similarly to Eq. ͑21͒, when several order parameters have to be incorporated into the description. It shows that, in the general case, the pressure dependence of viscosity is not exclusively expressed by compressibility and thermal expansion coefficient ͑reflecting free volume concepts͒, but also by the reaction of the system to other types of structural adjustments to pressure variation.
In case that such additional processes do not occur, we obtain from Eq. ͑22͒, as a special case, Eq. ͑8͒, again.
VI. DISCUSSION
The equation for the pressure dependence of viscosity, derived by Gupta, 15 has the form
where ⌬S is the entropy difference between the equilibrium melt and the glass, ⌬␣ the relaxational expansion coefficient ͑the difference between the thermal expansion coefficients between the equilibrium melt and the glass͒, and C a coefficient in the expression for the dependence of viscosity on the state parameters in the Adams-Gibbs model. 15, 16 According to this expression, the sign of the temperature dependence of the viscosity is determined by the sign of the relaxational expansion coefficient. Gupta noted that this relation could be confirmed directly only for water in the range of temperatures from 1 to 4°C, for which ⌬␣ is known and fulfills the condition ⌬␣ Ͻ 0 and the viscosity indeed de-creases with increasing pressure. As discussed here earlier in detail, this result-a decrease of the viscosity of water with increasing pressure-also follows directly from Eq. ͑8͒. In this case, this result is a consequence of negative thermal expansion coefficients of water in the range of temperatures 0 -4°C, where this condition is fulfilled. So both approaches allow one to predict a decrease of viscosity with increasing pressure and in both approaches such kind of behavior is connected with specific properties of the thermal expansion coefficient. However, we already mentioned that water exhibits a decrease of viscosity for wider ranges of pressure and temperature, where the thermal expansion coefficient is positive. It would be interesting to check Gupta's equation also for these broader ranges of thermodynamic state parameters. However, such task will meet, at part, principal difficulties discussed below.
A comparison of both approaches shows that Eq. ͑8͒ seems to be more satisfactory from a theoretical point of view than Eq. ͑23͒. Equation ͑8͒ connects the properties of a given system exclusively with other thermodynamic and kinetic properties of the system in the same state. In contrast, Eq. ͑23͒ involves differences between the properties of the equilibrium liquid and the glassy states. Such result is in contradiction with basic assumptions of thermodynamics, where, commonly, relationships are developed between different properties at the same state of the system without any reference to alternative possible states. Moreover, as mentioned in Ref. 10 in application to silicate glasses, there is no way to measure the coefficient of thermal expansion of the respective glass at temperatures above the glass transition.
We have shown in this paper that free volume concepts allow both an increase and decrease of viscosity with increasing pressure. The type of dependence is hereby determined by the sign of the thermal expansion coefficient. Since, in most cases of interest ͑at atmospheric pressures͒, the thermal expansion coefficient is positive, commonly the normal behavior, i.e., an increase of viscosity with increasing pressure is observed. However, the situation can become quite different for complex liquids and, in particular, at pressures in the GPa range and sufficiently high temperatures. Here reliable experimental data on the value of the thermal expansion coefficients are, to our knowledge, so far not available. As also demonstrated here, similar dependencies govern the behavior of the pressure dependence of liquids not only for liquids in stable and metastable equilibrium, but, with the limitations above discussed, they are also valid for glasses ͑liquids in frozen-in nonequilibrium states͒.
As a generalization, equations have been developed allowing one to incorporate the effect of additional structural variations of the liquids under consideration, which are not reflected by free volume concepts, on the form of the pressure dependence of the viscosity. These relations may result in a negative pressure dependence of the viscosity even in cases if the thermal expansion coefficient ␣ T, is positive. They contain additional terms, which are effective, however, only in ranges of pressures and temperatures, where such additional structural changes indeed occur. By this reason, the respective equations allow one to predict an increase, a decrease and a nonmonotonic behavior of viscosity with pressure, and cover all types of dependencies found in experimental analyses. Vice versa, latter behavior can be considered therefore as a strong indication of the existence of structural transformations in the liquid in the considered range of thermodynamic state parameters.
Summarizing the results of the analysis, we have shown from general assumptions concerning the dependence of free volume of liquids and viscosity that-at isothermal conditions and moderate pressures-the viscosity of simple liquids typically increases with pressure. In contrast, complex liquids, such as molten silicates, either show a negative pressure dependence starting from small pressures or change from a positive to a negative dependence at some sufficiently high threshold pressure. An equation is derived that allows one to determine the dependence of viscosity on pressure, provided ͑in the simplest case͒ that the temperature dependence of viscosity, the isothermal compressibility, and the isobaric thermal expansion coefficient of the liquid are known. This equation can be generalized to situations, when, in addition to free volume effects, other mechanisms of structural reorganization of the liquid with respect to pressure variations exist. In such situation, increases, decreases, and nonmonotonic behavior of viscosity with respect to pressure variations exist.
